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Abstract. A symmetry extending the T 2-symmetry of the noncommutative torus T 2q is studied
in the category of quantum groups. This extended symmetry is given by the quantum double-torus
DT 2q defined as a compact matrix quantum group consisting of the disjoint union of T
2 and T 2
q2
. The
bicross-product structure of the polynomial Hopf algebra A(DT 2q ) is computed. The Haar measure
and the complete list of unitary irreducible representations of DT 2q are determined explicitly.
Re´sume´. Une syme´trie qui prolonge la T 2-syme´trie d’un tore noncommutatif T 2q est e´tudie´e dans
le contexte des groupes quantiques. Cette syme´trie est donne´e par le double-tore quantique DT 2q
de´fini comme un groupe quantique compact matriciel, union disjointe de T 2 et T 2
q2
. La structure de
bi-produit croise´e de l’alge`bre de Hopf polynomiale A(DT 2q ) est calcule´e. La mesure d’Haar et la liste
comple`te des repre´sentations irreductibles unitaires de DT 2q sont determine´es explicitement.
Version franc¸aise abre´ge´e
Nous prolongeons la syme´trie classique T 2 du deux-tore noncommutatif T 2q a` la syme´trie
du groupe quantique donne´ par le double-tore quantique DT 2q . Contrairement a` la syme´trie
T 2 de T 2q , la syme´trie DT
2
q de´couvre la nature quantique des deux-tores noncommutatifs. Un
double-tore quantique est un sous-groupe quantique (non connexe) de la q-de´formation pure
tordue de U(2) donne´e par la R-matrice diagonal diag(1, q−1, q, 1). Du point de vue de la the´orie
de Hopf-Galois, l’anneau de coordonne´es de DT 2q est un bi-produit croise´ de l’alge`bre d’Hopf
polynomiale de Z2 et de celle de T
2 avec un cocycle non-trivial et une coaction qui de´terminent
les structures d’alge`bre et de coge´bre, respectivement. (Le groupe quantique DT 2q peut eˆtre vu
comme une quantification du produit semi-direct du groupe T 2⋊Z2.) La completion de l’anneau
de coordonne´es de DT 2q nous donne une C
∗-alge`bre qui est isomorphe a` la somme directe de
l’alge`bre C(T 2) des fonctions continues sur le deux-tore classique et la C∗-alge´bre C(T 2
q2
) de
deux-tore noncommutatif. DT 2q est un groupe quantique compact matriciel dans le sens de
S. L. Woronowicz. Son dual unitaire (collection des toutes les repre´sentations irreductibles
unitaires) est donne´ par la formule: D̂T 2q = Z
∐
Z
∐
(Z× N+).
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Introduction
The aim of this note is to construct and analyse a q-deformation of the semi-direct product
group T 2⋊Z2 that extends the T
2-symmetry of the noncommutative torus T 2q . This semi-direct
product is a subgroup of U(2) consisting of diagonal and off-diagonal matrices with unitary
entries. Since it is a disjoint union of two tori, we call it a double torus, and denote DT 2.
To carry out a q-deformation of DT 2 it is convenient to start with the well-known two-
parameter quantisation GLp,q(2), p, q ∈ C
×, of GL(2) given by the R-matrix

1 0 0 0
0 q−1 0 0
0 1− (pq)−1 p−1 0
0 0 0 1

 . (0.1)
For p = q¯ we can consider the involutive structure given on generators by a∗ = S(a), b∗ =
S(c), c∗ = S(b), d∗ = S(d), where S is the antipode. The introduction of such an involutive
structure makes the quantum determinant D := ad− q¯bc = da− q−1bc a unitary element, and
defines the coordinate ring A(Uq¯,q(2)) of the compact matrix quantum group Uq¯,q(2). (See [9]
for details.)
For q ∈ R×, the quantum determinant D becomes central, we can set it to 1, and decompose
Uq,q(2) as follows: Uq,q(2) =: Uq(2) = T
1 × SUq(2).
The other characteristic case is when q ∈ U(1). Then the R-matrix (0.1) becomes diago-
nal, and the commutation relations between generators of A(Uq−1,q(2)) are ab = q
−1ba, cd =
q−1dc, ac = qca, bd = qdb, ad = da, bc = q2cb . This q-deformation of U(2) is precisely what
we use to quantise the double-torus subgroup of U(2).
Although it is not technically needed, we assume the coefficient field to be C and introduce
the involutive structure from the very beginning for the sake of brevity and clarity. For the
coaction and coproduct we use the Sweedler notation with the suppressed summation sign.
1 Quantum Double-Torus as a Symmetry of T 2q
One can represent the 2-torus T 2 as the quotient R2/Z2 or as a subset of C2. The latter point of
view leads to the question of which subgroups of GL(2,C) preserve T 2. A natural subgroup of
GL(2,C) that preserves T 2 is the double torus DT 2 described in the Introduction. The double
torus is a subgroup of U(2), which can be viewed as a field of T 3 over the internal points of
[0, 1] bounded by T 2 at each of the endpoints. Although this geometrical picture disregards
the Lie group structure of U(2), it helps us to describe the support of the Haar functional on
the Hopf algebra A(U(2)) of the polynomial functions on U(2). This support is included in the
space of polynomials on the aforementioned interval [0, 1], and the Haar functional is given by
integration on [0, 1]. Moreover, this picture of U(2) allows us to locate DT 2 inside U(2) as the
two T 2 placed at the endpoints of [0, 1]. What we study here is a q-deformed version of this
setting.
The standard q-deformation of U(2) turns the interval [0, 1] into the quantum interval
[0, 1]q consisting of powers of q. Missing is the endpoint corresponding to the off-diagonal
torus of DT 2. The off-diagonal part of the double-torus subgroup of U(2) is destroyed by this
quantisation. On the other hand, the pure-twist q-deformation of U(2), with q ∈ U(1), leaves
the interval [0, 1] unchanged. It deforms U(2) into Uq−1,q(2), which can be understood as a field
of noncommutative 3-tori over the open interval (0, 1) bounded by T 2q2 at 0 and T
2 at 1 (see [11,
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Section 6], cf. [8]). The union of T 2
q2
and T 2 is the quantum double-torus subgroup of Uq−1,q(2).
More precisely, we have:
Definition 1.1 Let I be the Hopf ideal of A(Uq−1,q(2)) generated by {ab, ac, cd, bd}. We call
the quotient Hopf algebra A(DT 2q ) := A(Uq−1,q(2))/I the coordinate ring of the quantum double-
torus DT 2q .
A(DT 2q ) is a ∗-Hopf algebra. The Diamond Lemma [2, Theorem 1.2] enables us to claim
the following:
Lemma 1.2 Put z = D−1ad. The set of monomials:
Dkzlamcn, m > 0, n > 0; Dkzlamb−n, m > 0, n < 0;
Dkzld−mcn, m < 0, n > 0; Dkzld−mb−n, m < 0, n < 0;
Dkzlcn, n > 0; Dkzlb−n, n < 0;
Dkzlam, m > 0; Dkzld−m, m < 0;
Dkzl; k, l,m, n ∈ Z, (1.2)
is a C-basis of A(Uq−1,q(2)). Denote the generators of the quotient algebra A(DT
2
q ) by the same
letters as generators of A(Uq−1,q(2)). The set of polynomials
Dman, Dmdn, Dmz, Dmbn, Dmcn, Dm(1− z); m,n ∈ Z, n > 0; (1.3)
is a C-basis of A(DT 2q ).
Remark 1.3 It is tempting to define a disconnected quantum space by requiring its function
algebra to contain a non-trivial central idempotent. Since z is central and becomes an idempo-
tent after passing to the quotient algebra A(DT 2q ), the quantum double-torus is disconnected
according to such a definition. ✸
The main point of this section is that DT 2q acts the same way on T
2
q as DT
2 on T 2. Thus we
obtain a quantum symmetry of T 2q that extends the well-studied classical T
2-symmetry of T 2q .
More precisely, we have:
Proposition 1.4 Let ρc and ρq be the appropriate left coactions induced by the standard left
coaction given on generators by
(
x
y
)
7→
(
a⊗ 1 b⊗ 1
c⊗ 1 d⊗ 1
) (
1⊗ x
1⊗ y
)
. Let π be the canonical projection
setting z = 1. Then the following diagram is commutative:
A(T 2q )
ρc
−−→ A(T 2)⊗A(T 2q )
id
x pi⊗idx
A(T 2q )
ρq
−−→ A(DT 2q )⊗ A(T
2
q ) .
A standard reasoning allows us to claim the same at the C∗-algebraic level.
The classical T 2-symmetry of T 2q is insensitive to the noncommutative nature of T
2
q . In
contrast, the DT 2q -quantum symmetry of T
2
q detects the square of the deformation parameter
q, i.e., we have bc = q2cb in A(DT 2q ).
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2 Bicross-product Structure of A(DT 2q )
The concept of short exact sequences of groups can be extended to the category of quantum
groups, where it is described by (strictly) exact sequences of Hopf algebras (see [10, 12, 1]).
Consider the sequence of Hopf algebras A(Z2)
i
→ A(DT 2q )
pi
→ A(T 2), where i is the Hopf algebra
injection sending f ∈ A(Z2), f(0) := 1, f(1) := 0, to z, and π is obtained from the canonical
surjection setting z = 1. It can be directly verified that this is a strictly exact sequence of Hopf
algebras in the sense of [12, p.3338]. Thus we can view DT 2q as a quantum-group extension
of Z2 by T
2. In the language of the Hopf-Galois theory, we can describe A(DT 2q ) as a cleft
A(T 2)-Galois extension of A(Z2), or a crossed product algebra of A(Z2) by A(T
2) (e.g., see [13]).
Recall that a cleaving map of a cleft H-Galois extension B⊆ P is a convolution invertible
colinear map from a Hopf algebra H to an H-comodule algebra P . In the case of A(DT 2q ) we
can construct a cleaving map j : A(T 2)→ A(DT 2q ) in the following way:
j(ukvl) :=


Dlak−l + (−1)lql
2
Dlck−l for k > l
Dkz + (−D)−k(1− z) for k = l
(−1)kq−k
2
Dkbl−k +Dkdl−k for k < l.
(2.4)
Here u, v are generators of A(T 2), and k, l ∈ Z. Observe that for q 6= 1 the map j is a
∗-homomorphism but not an algebra map. It is an algebra homomorphism only for q = 1.
Then it can be obtained as the pull-back of the appropriate trivialisation map for the trivial
principal bundle DT 2(Z2, T
2). We can think of DT 2q as a quantum principal bundle with the
classical base space Z2 and classical structure group T
2, but whose total space consists of two
non-equivalent fibres: T 2 and T 2
q2
.
It is known that cleft Hopf-Galois extensions and crossed products are equivalent notions
(see Theorem 1.12 in [13], [4, 6]). The crossed-product structure of A(DT 2q ) is given by a non-
trivial cocycle σ : A(T 2)⊗ A(T 2)→ A(Z2) and the trivial action of A(T
2) on A(Z2). One can
compute σ according to the formula (cf. [5, Lemma 1.9]): σ(h⊗ g) = j(h(1))j(g(1))j
−1(h(2)g(2)).
Explicitly, we obtain:
Proposition 2.1 The cocycle σ associated to the cleaving map (2.4) is given by the formulas:
σ = σcz + σq(1− z) , σc = ε⊗ ε (ε is the counit map),
σq(u
kvl ⊗ umvn) =


q−2kn for k > l, m > n
q−m(2k+m) for k > l, m = n
q−2n(k+m) for k > l, m < n, k +m > l + n
q(k+m)(2l−k−m) for k > l, m < n, k +m = l + n
q2l(k+m) for k > l, m < n, k +m < l + n
q−k(k+2n) for k = l, m > n
1 for k = l, m = n
qk(k+2m) for k = l, m < n
q−2k(l+n) for k < l, m > n, k +m > l + n
q(l+n)(l+n−2k) for k < l, m > n, k +m = l + n
q2m(l+n) for k < l, m > n, k +m < l + n
qm(m+2l) for k < l, m = n
q2lm for k < l, m < n .
4
The cocycle σ determines an algebra structure on A(Z2)⊗A(T
2) by the following rule (see [3,
p.693]): (x ⊗ h)(y ⊗ g) = xyσ(h(1) ⊗ g(1)) ⊗ h(2)g(2) . The tensor product A(Z2)⊗ A(T
2) with
the above algebra structure is isomorphic as an algebra to A(DT 2q ).
One can determine the crossed coproduct structure of A(DT 2q ) in a similar fashion. First, we
can transform a cleaving map j into a cocleaving map ℓ given by the formula ℓ(p) = p(0)j
−1(p(1)).
(The inverse transform is given by [1, 3.2.13(2)].) The mapping ℓ associated to (2.4) can be
computed directly to be:
ℓ(Dman) = z, ℓ(Dmdn) = z, ℓ(Dmz) = z, ℓ(Dm(1− z)) = (−1)m(1− z),
ℓ(Dmbn) = (−1)mqm
2
(1− z), ℓ(Dmcn) = (−1)mq−m
2
(1− z). (2.5)
Here m,n ∈ Z, n > 0. It can be verified that ℓ is a ∗-homomorphism, and that it coincides
with its convolution inverse.
The crossed coproduct structure of A(DT 2q ) is given by a non-trivial coaction λ : A(T
2)→
A(T 2) ⊗ A(Z2), and the trivial cococycle. We calculate λ from ℓ according to the formula [1,
Proposition 3.2.9]: λ(π(p)) = π(p(2))⊗ ℓ
−1(p(1))ℓ(p(3)) . Hence we obtain:
Proposition 2.2 The coaction λ associated to the cocleaving map (2.5) is a ∗-algebra homo-
morphism defined by λ(umvn) = umvn ⊗ z + unvm ⊗ (1− z).
For q = 1, the coaction λ is the pull-back of the Z2 action on T
2 defining DT 2 as the semi-direct
product. The fact that λ remains unchanged under the q-deformation reflects the property
that matrix quantum groups, in particular DT 2q , have the classical (matrix) coproduct. The
coaction λ determines a coalgebra structure on A(Z2) ⊗ A(T
2) by the following rule (see [7,
(6)]): ∆(x ⊗ h) = (x(1) ⊗ h(1)
(0)) ⊗ (x(2)h(1)
(1) ⊗ h(2)), where λ(h) := h
(0) ⊗ h(1). The tensor
product A(Z2) ⊗ A(T
2) with the above coalgebra structure is isomorphic as a coalgebra to
A(DT 2q ).
The crossed-product and crossed-coproduct structures described above together form a
bicross-product (see [7, p.244] for this type of bicross-products):
Proposition 2.3 A(DT 2q ) is isomorphic as a Hopf algebra to the bicross-product A(Z2)
λ#σA(T
2)
defined by cocycle σ and coaction λ of propositions 2.1 and 2.2, respectively.
The same kind of bicross-product structure (i.e., with the trivial action and cococycle) is studied
for the Borel quantum subgroup of SLe2pii/3(2) in [5], and affine Hopf algebra Uq(sˆl2) in [7].
To end this section, let us mention that for any q ∈ U(1) satisfying (−q)n
2
= 1, n ∈ Z, n > 0,
we can construct a finite dimensional Hopf algebra, by dividing A(DT 2q ) by the Hopf ideal
generated by: an − z, bn − (1− z), cn − (1− z), dn − z, Dn − 1.
3 Representation Theory of DT 2q
Since the quantum double-torus DT 2q is a compact quantum group, all of the unitary irreducible
representations are finite dimensional. They are obtained by the irreducible decompositions of
the (multiple) tensor products of some basic representations. The obvious representation is the
unitary group-like element given by the (non-central) quantum determinant D. Other basic
representations are given by the (central) unitary group-like element 2z − 1, and the natural
vector representation
(
a c
b d
)
. There exist the following three families of unitary irreducible
representations:
χm := D
m, χzm := D
m(2z − 1), wm,n :=
(
Dman Dmbn
Dmcn Dmdn
)
, m, n ∈ Z, n > 0. (3.6)
5
The uniquely determined Haar functional h on A(DT 2q ) is positive and faithful. It vanishes
on all elements of the C-basis (1.3) of A(DT 2q ) except for the central idempotents z and (1−z),
corresponding to the classical and quantum component of A(DT 2q ), respectively. (It annihilates
all polynomials of χm, χ
z
m and wm,n.) Let {e
c
m,n, e
q
m,n}m,n∈Z be an orthonormal basis of Hilbert
space H. The GNS construction yields the following faithful ∗-representation π of A(DT 2q ) on
H:
π(a)ecm,n =
{
ecm,n+1 for n ≥ 0
ecm+1,n+1 for n < 0,
π(b)eqm,n =
{
−q2n−1eqm+1,n−1 for n > 0
q2meqm,n−1 for n ≤ 0,
π(c)eqm,n =
{
eqm,n+1 for n ≥ 0
−q−2m−1eqm+1,n+1 for n < 0,
π(d)ecm,n =
{
ecm+1,n−1 for n > 0
ecm,n−1 for n ≤ 0,
π(a)eqm,n = 0, π(b)e
c
m,n = 0, π(c)e
c
m,n = 0, π(d)e
q
m,n = 0. The operator norm completion
C(DT 2q ) of A(DT
2
q ) is a C
∗-algebra isomorphic to the direct sum of the algebra C(T 2) of
continuous functions on T 2 and the noncommutative C∗-algebra C(T 2
q2
), q ∈ U(1), of the
quantum two-torus. This means, in particular, that the C∗-algebra C(DT 2q ) is not of type I for
a generic q ∈ U(1).
Standard reasoning allows us to conclude that the comultiplication extends from A(DT 2q )
to C(DT 2q ), and we have:
Proposition 3.1 DT 2q is a compact matrix quantum group in the sense of [14, Definition 1.1].
Theorem 3.2 The unitary dual of the quantum double-torus is given by D̂T 2q = Z
∐
Z
∐
(Z×
N+). The complete list of all unitary irreducible representations of DT
2
q is given by the three
families of representations (3.6).
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